An identity for generating functions is proved in this paper. A novel method to compute the number of restricted lattice paths is developed on the basis of this identity. The method employs a difference equation with non-constant coefficients. Dyck paths, Schröder paths, Motzkins path and other paths are computed to illustrate this method.
where S ⊂ Z N is finite, c y : Z N → C are a set of coefficient functions and g : Z N → C. A solution of (1) is a function f : Z N → C that satisfies the equation. Let ℓ 0. A lattice path with length ℓ is a finite sequence p(0), p(1), . . . , p(L) of points in Z N , and its steps are the set of lattice vectors {0} ∪ {p(k) − p(k − 1) : k = 1, . . . , ℓ}. Specific classes of lattice paths arise by imposing some conditions on the paths: the steps are in a specified S ⊂ Z N , the points are in a specified P ⊂ Z N , the length L is fixed, and the points are distinct (non intersecting paths).
In the context of lattice path counting problems the function f : Z N → Z that counts the number f (x) of paths in a specified class for which p(0) = 0 and p(L) = x is computed (the condition p(0) = 0 does not result in a loss of generality).
In the context of restricted lattice class problems function f is computed for a class of paths whose points belong to a specified subset P ⊂ Z N . Clearly 0 ∈ P otherwise there are no paths in P that start at 0. If the possible set of steps S ⊂ Z N then counting function f has support in P, f (0) = 1, and f satisfies the linear homogeneous difference equation
where χ P is the characteristic function of P. We recall that χ P (x) = 1 if x ∈ P and χ P (x) = 0 if x / ∈ P.
In this paper function f is computed for selected classes of lattice paths. For these classes S ⊂ Z N so f is supported on R N ,and therefore f is uniquely represented by its generating
The proposed method employs a difference equation with non-constant coefficients for f (x) to compute its generating function F (z). This method is illustrated by counting Dyck paths, Schröder paths, Motzkin paths and more general paths. For these cases the terms in F (z) that correspond to the terms with non-constant coefficients in the difference equation for f (x) are the generating functions of a diagonal subsequence of f (x).
Let
where the inequality x α means that for at least one j 0 ∈ {1, . . . , N } the inequality x j0 < α j0 holds. Let δ j be a shift operator over j th variable:
First a general identity for the generating functions is derived. Let us note that this theorem generalize the identity for generating functions given in [1] .
holds, where I = (1, . . . , 1).
Identity (4) implies that for any initial data φ(x), x m, x 0 and any function g(x), x m the equation
where vector e j = (0, . . . , 0, 1, 0, . . . , 0) contains one on the j th place for j = 1, . . . , N . Let f (x) be the number of paths from the origin to the point x ∈ Z N .
Corollary. If f (x) is the number of lattice paths from the origin to x ∈ Z N using steps from the set ∆ then its generating function F (z) is
Proof. Let us note that function f (x) satisfies the basic recurrence relation f (x) = f (x−e 1 )+ + · · · + f (x − e N ) which implies that the right side of identity (4) is equal to 0.
Let us write identity (4) for the two dimensional case:
For N = 3 we have
Considering the three dimensional case, we obtain
Repeating this process, one can obtain the generating function for any N > 1. 2
Let us demonstrate another way of using identity (4) for the two-dimensional case which is useful for some lattice path problems.
g(x, y)z x 1 z y 2 and identity (4) becomes
) .
Let us consider examples of some well-known lattice paths: Dyck, Motzkin and Schröder paths (see [2, 5, 6, 7, 8, 9, 10] ).A linear transformation is used to map the mentioned above lattice paths to the lattice path in Z 2 . It allows one to to use methods for finding generating functions [3] and [11] . However, to study lattice paths on or over a rational slope linear difference equations with non-constant coefficients are used to put restrictions on them.
Dyck paths start at the origin and stay on or above the main diagonal y = x (see [2, 6, 12] ). They use steps e 1 = (1, 0) and e 2 = (0, 1). Let f (x, y) be the number of paths going from (0, 0) to (x, y). The number of paths f (x, y) satisfies the difference equation
where δ 0 (
is the Kronecker symbol. The initial data are f (x, 0) = 0, x = 1, 2, . . . , f (0, y) = 1, y = 0, 1, 2, . . . .
Let F 11 (t) be a diagonal power series of F (z 1 , z 2 )
Proposition 1. Let F (z 1 , z 2 ) be the generating function of the solution of equation (5) . Then the series F (z 1 , z 2 ) satisfies the following functional equation
If f (x, y) satisfies initial conditions (6) then we obtain a diagonal power series
Proof. For N = 2 and P (z 1 ,
Then by theorem we obtain
Using difference equation (5), we have
Let P (z 1 , z 2 ) = 1 − z 1 − z 2 = 0. Then we obtain
Let us introduce t = z 1 (1 − z 1 ). Then
It proves the proposition. 2
The coefficients of series (7) represent the Catalan numbers f (k, k)
, k 1.
Schröder paths start at the origin and stay on or above the main diagonal y = x (see [2] ) using steps (1, 0), (0, 1), (1, 1) . Let f (x, y) be the number of paths going from (0, 0) to (x, y). The number of paths f (x, y) satisfies the difference equation
with the initial data f (x, 0) = 0, x = 1, 2, . . . , f (0, y) = 1, y = 0, 1, 2, . . . .
Proposition 2. Let F (z 1 , z 2 ) be the generating function of the solution of equation (8) . Then the series F (z 1 , z 2 ) satisfies the following functional equation
If f (x, y) satisfies initial conditions (9) then we obtain a diagonal power series
Proof. Using theorem and difference equation (8), we have
. After expansion of 1 z 1 we obtain (10) . 2
Coefficients of series (10) coincide with the numbers of the Schröder paths ending on the main diagonal y = x.
Motzkin paths start at the origin and stay on or above the main diagonal y = x (see [8] ) using steps (2, 0), (0, 2), (1, 1) . Let f (x, y) be the number of paths going from (0, 0) to (x, y). The number of paths f (x, y) satisfies the difference equation (11) with the initial data Proposition 3. Let F (z 1 , z 2 ) be the generating function of the solution of equaion (11) . Then the series F (z 1 , z 2 ) satisfies the following functional equation
If f (x, y) satisfies initial conditions (12) then we obtain a diagonal power series
Proof. Using theorem and difference equation (11), we have
we obtain (13). 
Let us introduce t = z 1 z 2 . Then z 1 = 1 − t 2 + √ 1 − 4t − 2t 2 + t 4 2 . After expansion of 1 z 1 , we obtain −1 + 1
It proves the proposition. 
